Abstract. In the present paper, slightly modifying the topological KKM Theorem of Park and Kim (1996) , we obtain a new existence theorem for generalized vector equilibrium problems related to an admissible multifunction. We work here under the general framework of G-convex space which does not have any linear structure. Also, we give applications to greatest element, fixed point and vector saddle point problems. The results presented in this paper extend and unify many results in the literature by relaxing the compactness, the closedness and the convexity conditions.
Introduction
In 1961, Ky Fan [8] extended the classical KKM Theorem to the infinite dimensional case. Later he used this version to state his minimax inequality [9] . Since then, many generalizations have been given by relaxing the compactness, the closedness or the convexity conditions (see for instance [1, 3, 5, 21, 23, 24, 25] ). Blum and Oettli in [4] first called these kinds of inequalities "Equilibrium problems" (that is, to findx ∈ D such that f (x, y) ≥ 0 for all y ∈ D, where D is a given set and f : D × D → R is a given function. The pointx is then named an equilibria). Then they collected many examples showing the significance of the treatment of this equilibrium problem. Thus it contains special cases for instance optimization, saddle point, Nash equilibrium, complementarity, variational inequality, fixed point and generalized mechanic problems. In recent years, motivated by the earlier work of Giannessi [10] who first introduced vector variational inequalities in a finite dimensional Euclidean space, the study of equilibrium problems has been extended to the case where f takes values in topological vector spaces (we refer for example to Oettli-Schläger [17] , Kalmoun-Riahi [13] and the references given there).
Until 1983, all the KKM theorems, the equilibrium problems and the related topics were considered and studied in topological vector spaces in the most general framework. In this setting, convexity assumptions play a crucial role in solving this variety of problems. Horvath [11, 12] , replacing convex hulls by contractible subsets, gave a purely topological version of the KKM Theorem. This has motivated other
A ∈ F(D), T (Γ A ) ⊂ x∈A F (x). We shall only call it weakly T G-KKM relative to T (weakly T G-KKM for brevity) when T (Γ A ) ⊂ x∈A F (x) for all A ∈ F(D).
We now introduce the notion of transfer closedness, following [23] . F is said to be transfer closed-valued if, for every y ∈ Y and every x ∈ D such that y / ∈ F (x), there exists x ∈ D such that y / ∈ F (x ). It will be called transfer compactly closed-valued when the last assertion holds true only on compact subsets of Y.
Finally, a subset B of a topological space Y is called compactly closed if, for every compact C of Y , the set B ∩ C is closed in C.
Throughout this paper and unless otherwise stated, (X, D, Γ) denotes a G-convex space, Y a Hausdorff space, and T a map belonging to the class
The first existing result is due to Park and Kim [19] .
Using this result we can state our generalized KKM theorems.
Proof. First we show that x∈D F (x) = x∈D F (x). On the contrary, if there exists y ∈ F (x) for all x ∈ D and y / ∈ F (x ) for some x ∈ D, then, by (1.1) there exists x ∈ D such that y / ∈ F (x ), which is a contradiction. Second, we set G(x) = F (x). Hence G satisfies all conditions of Theorem 2.0. Therefore [20] and Corollary 3 in [11] . Moreover, Theorem 2.1 extends Lemma 2.2 in [6] , Theorem 2 in [23] and Lemma 1 in [16] . Finally when X, Y are supposed to be nonempty subsets in a topological vector spaces, it extends the classical Fan Lemma [8] which is an infinite dimensional version of the well-known KKM Theorem [14, 22] .
Remark 2.3. 1. Both assumptions (0.1) of Theorem 2.0 and (1.1) of Theorem 2.1 are easily checked when the classical hypothesis of closedness of F (x), for every x ∈ D, is assumed. [19] , if X is supposed to be a convex space with Γ A = coA, then (i) implies (ii). But generally, (i) does not imply (ii) for G-convex spaces. Besides, assumption (1.3) is satisfied provided T is compact by putting C = T (X).
As it is mentioned in
Assumption (1.1) can be relaxed to "F is transfer compactly closed valued". The price paid here is a coerciveness condition a little stronger than (1.3) but always more general than the ones considered in the literature. 
where
Proof. We have only to show that the multifunction F is weakly T G-KKM. Suppose, contrary to our claim, that there exists an
x∈A F (x). Thus there exists z ∈ Γ A and y ∈ T (z) such that y / ∈ F (x) for every
, and hence that y / ∈ G(z). This contradicts (3.1) since y ∈ T (z).
The following result will prove extremely useful in stating the main existence theorem of vector equilibria in Section 2. 
Generalized vector equilibria
We start by introducing some notions and definitions used in this section. From now on, Z denotes a topological space, ϕ and ψ two multivalued maps from D × Y to Z, and we will consider K, L : Y ⇒ Z as two ordering multivalued maps.
It is easily seen that the weak (K, L)-pseudomonotonicity is more general than the (K, L)-pseudomonotonicity. If in addition the classical hypothesis of closedness of the set {y ∈ Y : ϕ(x, y) K(y)} is supposed hold, then the two definitions are equivalent.
We now give a sharpened vectorial version of the diagonal quasi convexity notion [25] on G-convex spaces. Definition 3.2. ψ is said to be generalized G-convex (resp. weakly generalized G-convex) in its first argument relative to T and
Let us consider the convex and real case, that is when X = Y = D is a nonempty convex subset of a topological vector space,
-generalized G-convexity coincides with the γ-diagonal quasi convexity (resp. concavity) considered by Zhou and Chen in [25] . However, the weak (T, L)-generalized G-convexity, which will be called weak γ-diagonal quasi convexity (resp. concavity), appears like a generalization of this concept, and consequently of the classical ones such as convexity, quasi convexity and diagonal quasi convexity.
Furthermore, in a special case, the two concepts of generalized G-convexity are equivalent.
Proposition 3.1. If the set {y ∈ Y : ψ(x, y) L(y)} is closed for each x ∈ D, then the assertion that ψ is (T, L)-generalized G-convex in x is equivalent to the assertion that ψ is weakly (T, L)-generalized G-convex in x.
Proof. We only need to prove the reverse assertion. Let us consider A in F (D) and y in T (Γ A ) such that there exists (y α ) in Y converging to y and satisfying ψ(A, y α ) L(y α ). In this way, there exists x in A such that ψ(x, y α ) L(y α ), and consequently ψ(x, y) L(y) thanks to the closedness of the set {z ∈ Y : ψ(x, z) L(z)} . From this we conclude that ψ(A, y) L(y), which completes the proof.
In general, as we can see in the following example, the class of weakly (T, L)-generalized G-convex functions strictly contains (T, L)-generalized G-convex ones.
Example 3.1. Let us return to the convex and real case. Define
Clearly ψ is weakly γ-diagonally quasi convex but it's not γ-diagonally quasi convex (consider only a singleton for the finite subset A).
We now give some conditions that ensure the weak (T, L)-generalized G-convexity.
2. ψ is weakly (T, L)-quasi G-convex in x if, in condition 1, the right-hand side of (1) is replaced by
Remark 3.1. It is easy to check that we have the following implications:
Furthermore, both the weak and the strong (T, L)-quasi G-convexity imply the weak (T, L)-generalized G-convexity for some particular multivalued maps T. 
It will be called transfer compactly upper (resp. lower) semi-continuous in y when the last assertion holds on every compact subset of Y .
The K-transfer (resp. compactly) continuity of ϕ is equivalent to saying that the multivalued mapping x ⇒ {y ∈ Y : ϕ(x, y) K(y)} is transfer (resp. compactly) closed valued. Furthermore, we have : ϕ(x , y) . Hence, there exists x ∈ D such that, for every y α → y in Y and for α large enough, ϕ(x , y α ) ⊂ U because of the transfer upper semicontinuity of ϕ. But, we can also write, for some y α → y in Y and some z α ∈ ϕ(x , y α ), z α / ∈ U for α large enough. It follows that ϕ(x , y α ) U for some y α → y in Y , which is a contradiction.
The same argument is still applicable to show the assertion on compact subsets of Y . This completes our proof.
We can now formulate our main existence result.
Theorem 3.1. Suppose that: (5.0) the pair (ϕ, ψ) is weakly (K, L)-pseudomonotone; (5.1) ϕ is K-transfer compactly continuous in y; (5.2) ψ is weakly (T, L)-generalized G-convex in x; (5.3) there is a nonempty compact subset C in Y such that either (i) there is a finite subset B in F (D) such that, for every y ∈ Y \C, there exists x ∈ B with y ∈ int Y {v ∈ Y : ψ(x, v) ⊂ L(v)}, or (ii) for every A ∈ F(D) there is a compact G-convex C
A ⊂ X containing A such that, for every y ∈ Y \C, there exists x ∈ C A ∩D with y ∈ int Y {v ∈ Y : ψ(x, v) ⊂ L(v)} .
Then there exists y ∈ C ∩ T (X) such that ϕ(x, y) K(y) for all x ∈ D.
Proof. [24] .
But when we cannot afford a pseudomonotonicity assumption like (5.0), we can apply Theorem 2.3 to ensure the existence of vector equilibria. 
Then the assertion of Theorem 3.1 is still true.
Remark 3.5. This result contains as a special case Corollary 2.5 in [7] which is stated in H-spaces for T = s ∈ ℘(X, Y ) and ϕ and ψ are real valued bifunctions.
We can also relax the coerciveness condition by applying Theorem 2.1. In that case, we need ϕ to be K-transfer continuous in y on the whole space Y . Theorem 3.3. Suppose that:
Then there exists y ∈ C ∩ T (X) such that ϕ(x, y) K(y) for all x ∈ D.
A particular case of this theorem is obtained by setting ϕ(x, y) = ψ(x, y) and 
Then the conclusion of Theorem 3.1 holds true.
We have thus stated Theorem 1.3 in [13] in G-convex spaces under a relaxed compactness condition. The classical Fan minimax inequality [9] can be deduced by setting
Let us now turn to Theorem 3.1 and mention two important consequences. First, Proposition 3.2 and Theorem 3.1 can be summarized by saying : 
Then the assertion of Theorem 3.1 remains true. Remark 3.6. This result extends Lemma 2 in [16] and Lemma 2.3 in [6] which is given in H-spaces. Furthermore, when D = X and Y are two nonempty subsets of two topological vector spaces, Theorem 3.5 extends a main result of Oettli and Schläger [17, Theorem 1] by relaxing the convexity condition on ψ, the continuity hypothesis on ϕ and the pseudomonotonicity assumption on the pair (ϕ, ψ). It also contains as a special case Theorem 1.2 in our previous paper [13] .
Next we get the following improvement of Theorem 3 in [17] . Now let y ∈ X and let us set y t = ty + (1 − t)x for t ∈]0, 1[. Applying (2) we obtain ϕ(y t , x) K(x). Thus we must have ϕ(y t , y) L(x), for otherwise assumption (10.4) will be contradicted. From (10.5) it follows that ϕ(x, y) L(x), and this is true for any y ∈ X. This proves the theorem. 
Moreover, when we let K(x) = −L(x) = int P for all x ∈ X, where P is a closed convex and pointed cone in X, conditions (10.2) and (10.3) will be easily checked by (ii) and (i) respectively (see for instance [13 
Proof. The idea is to take Y = X, T = id X and F (x) := {y ∈ X : y x} for all x ∈ D, and then to apply Theorem 2.2.
This result improves and extends Theorem 5 in [23] to G-convex spaces by relaxing the continuity and the coerciveness conditions. 4.2. Fixed point. We give in this subsection two coincidence results related to admissible multifunctions for multivalued mappings in G-convex spaces.
The first result is a G-convex version of Proposition 3.1 in [11] related to admissible multifunctions. 
Proof. Since R − is not T G-KKM, there exists A ∈ F(D) such that T (Γ A )
x∈A R − (x). Therefore there exist x ∈ Γ A and y ∈ T x with y ∈ Rx for all x ∈ A. It follows that x ∈ R −1 (y) for all x ∈ A, and consequently A ⊂ R −1 (ȳ). However, R −1 (ȳ) is G-convex; hence Γ A ⊂ R −1 (ȳ). We conclude thatȳ ∈ Rx sincex ∈ Γ A , and the proposition is proved.
Remark 4.1. When we consider the special case, X = D = Y and T = id X , the conclusion of Proposition 4.1 is nothing but the statement that R has a fixed point.
As an application of Theorem 2.2, we give a new fixed point theorem in G-convex spaces. for all x ∈ D. Then for ϕ(x, y) = ψ(x, y) = −f (y, x) for all x, y ∈ D, there exists x ∈ D such that f (x, y) / ∈ −int P for all x ∈ D. We conclude that (x, y) is a weak saddle point of f , which is our claim.
Remark 4.2. We note that the compactness of D can be relaxed to the coerciveness condition (5.3) applied twice; first to ψ = f , then to ψ(x, y) = f (y, x) for all x, y ∈ D. In that case, we can also consider the P -transfer l.s.c (resp. u.s.c) of f in x (resp. in y) only on compact subsets of D.
